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Abstract
We introduce a generalized k-FL sequence and special kind of pairs of real num-
bers that are related to it. As an application, we describe a family of integer
sequences each of whose element has a finite Zsigmondy set. Also, we associate
skew circulant and circulant matrices to each generalized k-FL sequence, and study
the determinantal variety of those matrices as another application.
1 Introduction
Given an integer sequence A = {an}n∈Z≥0, we may introduce the Zsigmondy set, denoted
Z(A), associated to the sequence. It might be an interesting question to ask whether
the Zsigmondy set of a given integer sequence is finite or not. In the literature, there are
many examples of an integer sequence A such that Z(A) is finite. For a brief survey on
some of such examples, see Application 1. Now, we can generalize this concept to a family
of integer sequences in the following sense: let F be a family of integer sequences. We let
NF = sup
A:={an}n∈Z≥0∈F
|Z(A)|
where |S| denotes the cardinality of a set S.We can ask whether NF is finite or not. More
precisely, we can ask the following question:
Question 1.1. Is there any family F of integer sequences such that NF is infinite but
each element of F has a finite Zsigmondy set?
In this paper, in an attempt to give an answer for this question, we will introduce a new
sequence, called a generalized k-FL sequence, that is defined by an R-linear combination
of the k-Fibonacci sequence and the k-Lucas sequence for a real number k. We recall that
the k-Fibonacci sequence is a generalization of the classical Fibonacci sequence, and is
defined recursively by
Fk,0 = 0, Fk,1 = 1, and Fk,n = k · Fk,n−1 + Fk,n−2 for n ≥ 2
1
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where k is a positive real number. This k-Fibonacci sequence was introduced and used
for the well-known four-triangle longest-edge (4TLE) partition[4]. Similarly, the k-Lucas
sequence is a generalization of the classical Lucas sequence, and is defined recursively by
Lk,0 = 2, Lk,1 = k, and Lk,n = k · Lk,n−1 + Lk,n−2 for n ≥ 2
where k is a positive real number, that was introduced in [3].
After defining a generalized k-FL sequence in terms of the k-Fibonacci sequence and
the k-Lucas sequence, we will associate skew circulant and circulant matrices to each
generalized k-FL sequence, and then examine the invertibility of such matrices to define
special kind of pairs of real numbers. To define such pairs, we also need the well-known
fact that the plane curve defined by the equation y2 = x3 + ax + b (a, b ∈ R) is singular
if and only if 4a3+27b2 = 0. Finally, as applications, we will give an answer for Question
1.1, and describe the determinantal variety of those associated matrices.
This paper is organized as follows:
In Section 2, we define a k-FL sequence as a linear combination of the k-Fibonacci se-
quence and the k-Lucas sequence for a positive real number k, which also depends on two
positive real numbers a, b. Also, we introduce a generalized k-FL sequence by weakening
the positivity condition on the real numbers k, a, and b above, together with the associ-
ated skew circulant and circulant matrices to a generalized k-FL sequence. In particular,
we give the criteria for those matrices to be invertible.
In Section 3, we introduce special kind of pairs of real numbers, called singular k-FL
pairs of various type, that are related to the non-invertibility of the associated skew cir-
culant and circulant matrices to a given generalized k-FL sequence. Also, we describe a
set of real numbers that encode certain property of a singular plane curve.
In Section 4, we obtain some information about a family of integer sequences each of
whose element has a finite Zsigmondy set, using generalized k-FL sequences, to answer
Question 1.1. Also, given a generalized k-FL sequence, we use singular k-FL pairs of vari-
ous type to give a description of the determinantal variety of the associated skew circulant
and circulant matrices, as applications.
Finally, we provide some identities related to a k-FL sequence in the Appendix.
2 Generalized k-FL Sequences and Associated Matri-
ces
We start this section by considering a new sequence that is obtained by taking a linear
combination of a k-Fibonacci sequence and a k-Lucas sequence for some positive real
number k.
Definition 2.1. Let k, a, and b be positive real numbers. We define a k-FL sequence to
be a sequence {S(a,b)k,n }n∈Z≥0 given by the recurrence relation
S
(a,b)
k,0 = 2b, S
(a,b)
k,1 = bk + a, and S
(a,b)
k,n = k · S(a,b)k,n−1 + S(a,b)k,n−2 for n ≥ 2. (2.1)
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In other words, S
(a,b)
k,n = a · Fk,n + b · Lk,n for each integer n ≥ 0, where Fk,n (resp. Lk,n)
denotes the n-th k-Fibonacci number (resp. the n-th k-Lucas number).
We assumed the positivity of the real numbers k, a, and b in the above definition only
because we wanted the sequence to be increasing as in the case of the classical Fibonacci
sequence. By removing the positivity condition on those numbers, we have the following
Definition 2.2 (Generalized k-FL sequence). Let k, a, and b be real numbers. We define
a generalized k-FL sequence to be a sequence {S(a,b)k,n }n∈Z≥0 given by the recurrence relation
S
(a,b)
k,0 = 2b, S
(a,b)
k,1 = bk + a, and S
(a,b)
k,n = k · S(a,b)k,n−1 + S(a,b)k,n−2 for n ≥ 2. (2.2)
Example 2.3. For any real numbers a and b, the sequence {S(a,b)0,n }n∈Z≥0 has the property
that
S
(a,b)
0,2i = 2b and S
(a,b)
0,2i+1 = a for all i ≥ 0.
Now, given a generalized k-FL sequence {S(a,b)k,n }n∈Z≥0, we may introduce two associated
matrices:
A(k,a,b)n :=


S
(a,b)
k,1 S
(a,b)
k,2 · · · S(a,b)k,n
−S(a,b)k,n S(a,b)k,1 · · · S(a,b)k,n−1
...
...
...
...
−S(a,b)k,2 −S(a,b)k,3 · · · S(a,b)k,1


and
B(k,a,b)n :=


S
(a,b)
k,1 S
(a,b)
k,2 · · · S(a,b)k,n
S
(a,b)
k,n S
(a,b)
k,1 · · · S(a,b)k,n−1
...
...
...
...
S
(a,b)
k,2 S
(a,b)
k,3 · · · S(a,b)k,1


for each integer n ≥ 1. (Note that A(k,a,b)n is a skew circulant matrix and B(k,a,b)n is a
circulant matrix.)
Example 2.4. If a = b = 0, then both A
(k,a,b)
n and B
(k,a,b)
n are the zero matrix for any real
number k and any integer n ≥ 1.
Regarding the invertibility of these matrices, we have the following crucial
Theorem 2.5. Let k 6= 0 be a real number.
(a) For an odd integer n ≥ 1, the matrix A(k,a,b)n is invertible if and only if S(a,b)k,n+1 −
S
(a,b)
k,n 6= −bk + 2b− a.
(b) For an even integer n ≥ 2, the matrix B(k,a,b)n is invertible if and only if S(a,b)k,n+1 −
S
(a,b)
k,n 6= bk − 2b+ a and S(a,b)k,n+1 + S(a,b)k,n 6= bk + 2b+ a.
To prove the theorem, we need
Lemma 2.6. Let n ≥ 1 be an integer.
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(a) Let A =


a1 a2 · · · an
−an a1 · · · an−1
...
...
...
...
−a2 −a3 · · · a1

 ∈ Mn×n(R) be a skew circulant matrix. Then
A is invertible if and only if f(ωmη) 6= 0 for all m = 0, 1, · · · , n− 1, where f(x) =
n∑
j=1
ajx
j−1 ∈ R[x], ω = exp
(
2π
√−1
n
)
, and η = exp
(
pi
√−1
n
)
.
(b) Let B =


a1 a2 · · · an
an a1 · · · an−1
...
...
...
...
a2 a3 · · · a1

 ∈ Mn×n(R) be a circulant matrix. Then B is
invertible if and only if f(ωm) 6= 0 for all m = 0, 1, · · · , n − 1, where f(x) =
n∑
j=1
ajx
j−1 ∈ R[x] and ω = exp
(
2π
√−1
n
)
.
Proof. (a) For a proof, see [5, Lemma 3].
(b) For a proof, see [6, Lemma 1.1].
Now, we are ready to prove the theorem.
Proof of Theorem 2.5. As in the proof of Theorem 3 (see Appendix below), we can write
S
(a,b)
k,n =
Xαn − Y βn
α− β
where X = a +
√
k2 + 4b and Y = a − √k2 + 4b. Also, let f(x) ∈ R[x] be a polynomial
defined as in Lemma 2.6.
(a) We have
f(ωmη) =
n∑
j=1
S
(a,b)
k,j (ω
mη)j−1
=
n∑
j=1
Xαj − Y βj
α− β (ω
mη)j−1
=
Xα(1 + αn)(1− βωmη)− Y β(1 + βn)(1− αωmη)
(α− β)(1− αωmη)(1− βωmη)
=
(Xα− Y β) +X(αn+1 − Y βn+1) + ωmη(X − Y ) + ωmη(Xαn − Y βn)
(α− β)(1− αωm)(1− βωm)
=
bk + a+ S
(a,b)
k,n+1 + ω
mη(2b+ S
(a,b)
k,n )
1− kωmη − ω2mη2 (2.3)
for all m = 0, 1, · · · , n− 1.
Now, suppose on the contrary that S
(a,b)
k,n+1 − S(a,b)k,n = −bk + 2b− a. Then by taking
m = n−1
2
, we get from (2.3) that
f(ωmη) = f
(
ω
n−1
2 η
)
= f(−1) = bk + a + S
(a,b)
k,n+1 − 2b− S(a,b)k,n
k
= 0
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and by Lemma 2.6-(a), this contradicts the assumption that A
(k,a,b)
n is invertible.
Conversely, suppose that there exists an l ∈ {0, 1, · · · , n− 1} such that f(ωlη) = 0.
From (2.3), it follows that
bk + a+ S
(a,b)
k,n+1 + ω
lη(2b+ S
(a,b)
k,n ) = 0.
Note that, by our assumption, we have
S
(a,b)
k,n + 2b 6= 0
and hence
ωlη = −bk + a+ S
(a,b)
k,n+1
S
(a,b)
k,n + 2b
. (2.4)
Then since ωlη = exp
(
(2l+1)pi
√−1
n
)
and the (RHS) of (2.4) is a real number, the only
possibility is that ωlη = −1. Then it follows from (2.4) that
S
(a,b)
k,n+1 − S(a,b)k,n = −bk + 2b− a,
which contradicts our assumption.
(b) Similarly, we have
f(ωm) =
n∑
j=1
S
(a,b)
k,j (ω
m)j−1
=
n∑
j=1
Xαj − Y βj
α− β (ω
m)j−1
=
Xα(1− αn)(1− βωm)− Y β(1− βn)(1− αωm)
(α− β)(1− αωm)(1− βωm)
=
(Xα− Y β)−X(αn+1 − Y βn+1) + ωm(X − Y )− ωm(Xαn − Y βn)
(α− β)(1− αωm)(1− βωm)
=
bk + a− S(a,b)k,n+1 + ωm(2b− S(a,b)k,n )
1− kωm − ω2m (2.5)
for all m = 0, 1, · · · , n− 1.
Now, suppose on the contrary that either S
(a,b)
k,n+1 − S(a,b)k,n = bk − 2b + a or S(a,b)k,n+1 +
S
(a,b)
k,n = bk + 2b+ a.
(i) If S
(a,b)
k,n+1 − S(a,b)k,n = bk − 2b+ a, then by taking m = n2 , we get from (2.5) that
f(ωm) = f
(
ω
n
2
)
= f(−1) = bk + a− S
(a,b)
k,n+1 − 2b+ S(a,b)k,n
k
= 0
and by Lemma 2.6-(b), this contradicts the assumption that B
(k,a,b)
n is invert-
ible.
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(ii) If S
(a,b)
k,n+1 + S
(a,b)
k,n = bk + 2b+ a, then by taking m = 0, we get from (2.5) that
f(ωm) = f(1) =
bk + a− S(a,b)k,n+1 + 2b− S(a,b)k,n
−k = 0
and again, by Lemma 2.6-(b), this contradicts the assumption that B
(k,a,b)
n is
invertible.
Conversely, suppose that there exists an l ∈ {0, 1, · · · , n − 1} such that f(ωl) = 0.
From (2.5), it follows that
bk + a− S(a,b)k,n+1 + ωl(2b− S(a,b)k,n ) = 0.
Note that, by our assumption, we have
S
(a,b)
k,n − 2b 6= 0
and hence
ωl =
bk + a− S(a,b)k,n+1
S
(a,b)
k,n − 2b
. (2.6)
Then since ωl = exp
(
2pil
√−1
n
)
and the (RHS) of (2.6) is a real number, we can see
that we have either ωl = 1 or ωl = −1.
(i) If ωl = 1, then, by Theorem 7 (see Appendix below), we have
f(1) =
n∑
j=1
S
(a,b)
k,j =
1
k
(
S
(a,b)
k,n+1 + S
(a,b)
k,n
)
− b− a+ 2b
k
= 0
and hence we get
S
(a,b)
k,n+1 + S
(a,b)
k,n = bk + 2b+ a,
which contradicts our assumption.
(ii) If ωl = −1, then it follows from (2.6) that
S
(a,b)
k,n+1 − S(a,b)k,n = bk − 2b+ a,
which also contradicts our assumption.
This completes the proof of the theorem.
By a similar argument, we can prove the following slightly weaker result:
Theorem 2.7. Let k 6= 0 be a real number.
(a) For an even integer n ≥ 2, if S(a,b)k,n+1− S(a,b)k,n 6= −bk+2b− a, then the matrix A(k,a,b)n
is invertible.
(b) For an odd integer n ≥ 1, the matrix B(k,a,b)n is invertible if and only if S(a,b)k,n+1 +
S
(a,b)
k,n 6= bk + 2b+ a.
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3 Singular k-FL Pairs of Various Type
Let k, a, and b be real numbers, and let {S(a,b)k,n }n∈Z≥0 be a generalized k-FL sequence. In
this section, we will introduce a special kind of pairs of real numbers associated to the
sequence {S(a,b)k,n }n∈Z≥0. To this aim, we start with the following two lemmas:
Lemma 3.1. For each integer n ≥ 1, there exist (unique) fn, gn ∈ Z[T ] such that S(a,b)k,n =
fn(k)a+ gn(k)b.
Proof. We will prove the lemma by induction on n.
(i) n = 1; by definition, we can take f1(T ) = 1, g1(T ) = T .
(ii) n > 1; suppose that there exist fm, gm ∈ Z[T ] such that S(a,b)k,m = fm(k)a + gm(k)b
for each m ≤ n− 1. By the recursion formula, we have
S
(a,b)
k,n = k · S(a,b)k,n−1 + S(a,b)k,n−2
= k(fn−1(k)a + gn−1(k)b) + (fn−2(k)a+ gn−2(k)b)
= (kfn−1(k) + fn−2(k))a+ (kgn−1(k) + gn−2(k))b
so that we can take
fn(T ) = T · fn−1(T ) + fn−2(T ) and gn(T ) = T · gn−1(T ) + gn−2(T ).
This completes the proof.
For each integer n ≥ 1, by virtue of Lemma 3.1, we can write
S
(a,b)
k,n+1 − S(a,b)k,n = Fn(k)a +Gn(k)b (3.1)
and
S
(a,b)
k,n+1 + S
(a,b)
k,n = Pn(k)a+Qn(k)b (3.2)
for some (unique) Fn, Gn, Pn, Qn ∈ Z[T ].
We may find the degrees of those polynomials explicitly:
Lemma 3.2. For each integer n ≥ 1, we have degFn = deg Pn = n and degGn =
degQn = n + 1.
Proof. By construction, we have
Fn(k) = Fk,n+1 − Fk,n, and Gn(k) = Lk,n+1 − Lk,n
for each k ∈ R. Similarly, we also have
Pn(k) = Fk,n+1 + Fk,n, and Qn(k) = Lk,n+1 + Lk,n
for each k ∈ R. According to Remark 1 (see Appendix below), the Binet’s formulas for
{Fk,n}n∈Z≥0 and {Lk,n}n∈Z≥0 are given by
Fk,n =
αn − βn
α− β and Lk,n = α
n + βn for each n ≥ 0
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where α > β are the roots of the quadratic equation x2 − kx − 1 = 0 so that α + β =
k, αβ = −1, and hence, it follows from the Binomial Theorem that
Fk,n = k
n−1 + (lower terms in k) and Lk,n = kn + (lower terms in k).
Hence we have
Fn(k) = Fk,n+1 − Fk,n = kn + (lower terms in k),
Pn(k) = Fk,n+1 + Fk,n = k
n + (lower terms in k),
Gn(k) = Lk,n+1 − Lk,n = kn+1 + (lower terms in k),
and
Qn(k) = Lk,n+1 + Lk,n = k
n+1 + (lower terms in k).
Then since these equations hold for any k ∈ R, and since Fn, Gn, Pn, Qn ∈ Z[T ], it follows
that degFn = degPn = n and degGn = degQn = n + 1, as desired.
Example 3.3. The following table gives the first four Fn’s, Gn’s, Pn’s, and Qn’s:
n 0 1 2 3
Fn(k) 1 k − 1 k2 − k + 1 k3 − k2 + 2k − 1
Gn(k) k − 2 k2 − k + 2 k3 − k2 + 3k − 2 k4 − k3 + 4k2 − 3k + 2
Pn(k) 1 k + 1 k
2 + k + 1 k3 + k2 + 2k + 1
Qn(k) k + 2 k
2 + k + 2 k3 + k2 + 3k + 2 k4 + k3 + 4k2 + 3k + 2
Now, for each integer n ≥ 1, we define three subsets of R as follows:
An = {k ∈ R | Fn(k) + 1 = 0 or Gn(k) + k − 2 = 0},
Bn = {k ∈ R | Fn(k)− 1 = 0 or Gn(k)− k + 2 = 0}
and
Cn = {k ∈ R | Pn(k)− 1 = 0 or Qn(k)− k − 2 = 0}.
Clearly, An, Bn, Cn are all finite by Lemma 3.2 for each n ≥ 1.
Example 3.4 (A3, B3, C3). We first claim that |A3| = 2. Indeed, we have
A3 = {k ∈ R | F3(k) + 1 = 0 or G3(k) + k − 2 = 0}.
From Example 3.3, we know that F3(k) + 1 = k
3 − k2 + 2k = k(k2 − k + 2) = 0, and
hence 0 ∈ A3. Also, we have G3(k)+k−2 = k4−k3+4k2−2k = k(k3−k2+4k−2) = 0.
Since there is a unique real solution for the equation k3 − k2 + 4k − 2 = 0, it follows that
|A3| = 2. In particular, A3 is finite.
Next, we claim that B3 = {1}. Indeed, we have
B3 = {k ∈ R | F3(k)− 1 = 0 or G3(k)− k + 2 = 0}.
From Example 3.3, we know that F3(k)− 1 = k3− k2+2k− 2 = (k− 1)(k2+2) = 0, and
hence 1 ∈ B3. Also, we have G3(k) − k + 2 = k4 − k3 + 4k2 − 4k + 4 > 0 for all k ∈ R.
Thus, we have B3 = {1}. In particular, B3 is finite.
Finally, we claim that |C3| = 2. Indeed, we have
C3 = {k ∈ R | P3(k)− 1 = 0 or Q3(k)− k − 2 = 0}.
From Example 3.3, we know that P3(k)− 1 = k3+ k2+2k = k(k2+ k+2) = 0, and hence
0 ∈ C3. Also, we have G3(k) − k − 2 = k4 + k3 + 4k2 + 2k = k(k3 + k2 + 4k + 2) = 0.
Since there is a unique real solution for the equation k3 + k2 + 4k + 2 = 0, it follows that
|C3| = 2. In particular, C3 is finite.
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Now, we are interested in solving special kind of equations related to a generalized
k-FL sequence:
Lemma 3.5. Let n ≥ 1 be an integer. Then there is a unique pair (a, b) 6= (0, 0) (in terms
of k) satisfying both of the equations S
(a,b)
k,n+1 − S(a,b)k,n = −bk + 2b − a and 4a3 + 27b2 = 0
for each k 6∈ An.
Proof. By the relation (3.1) above, the first equation becomes
(Fn(k) + 1)a+ (Gn(k) + k − 2)b = 0. (3.3)
Assume (a, b) 6= (0, 0). Since k 6∈ An, we have Fn(k) + 1 6= 0 and Gn(k) + k − 2 6= 0.
Then from the equation (3.3), we get a = −Gn(k)+k−2
Fn(k)+1
b. After equating with the second
equation, we can easily see that there is a unique solution (other than (0, 0)) in terms of
k, namely, a = − 27(Fn(k)+1)2
4(Gn(k)+k−2)2 , b =
27(Fn(k)+1)3
4(Gn(k)+k−2)3 .
Lemma 3.6. Let n ≥ 1 be an integer. Then there is a unique pair (a, b) 6= (0, 0) (in
terms of k) satisfying both of the equations S
(a,b)
k,n+1−S(a,b)k,n = bk−2b+a and 4a3+27b2 = 0
for each k 6∈ Bn.
Proof. By the relation (3.1) above, the first equation becomes
(Fn(k)− 1)a+ (Gn(k)− k + 2)b = 0. (3.4)
Assume (a, b) 6= (0, 0). Since k 6∈ Bn, we have Fn(k) − 1 6= 0 and Gn(k) − k + 2 6= 0.
Then from the equation (3.4), we get a = −Gn(k)−k+2
Fn(k)−1 b. After equating with the second
equation, we can easily see that there is a unique solution (other than (0, 0)) in terms of
k, namely, a = − 27(Fn(k)−1)2
4(Gn(k)−k+2)2 , b =
27(Fn(k)−1)3
4(Gn(k)−k+2)3 .
Finally, we also have
Lemma 3.7. Let n ≥ 1 be an integer. Then there is a unique pair (a, b) 6= (0, 0) (in
terms of k) satisfying both of the equations S
(a,b)
k,n+1+S
(a,b)
k,n = bk+2b+a and 4a
3+27b2 = 0
for each k 6∈ Cn.
Proof. By the relation (3.2) above, the first equation becomes
(Pn(k)− 1)a+ (Qn(k)− k − 2)b = 0. (3.5)
Assume (a, b) 6= (0, 0). Since k 6∈ Cn, we have Pn(k) − 1 6= 0 and Qn(k) − k − 2 6= 0.
Then from the equation (3.5), we get a = −Qn(k)−k−2
Pn(k)−1 b. After equating with the second
equation, we can easily see that there is a unique solution (other than (0, 0)) in terms of
k, namely, a = − 27(Pn(k)−1)2
4(Qn(k)−k−2)2 , b =
27(Pn(k)−1)3
4(Qn(k)−k−2)3 .
These lemmas lead to the following three new concepts:
Definition 3.8. Let n ≥ 1 be an integer. For each k 6∈ An, we define the singular k-FL
pair of level n of Type 1 to be the unique pair (a, b) 6= (0, 0) of real numbers of the form
given as in Lemma 3.5. We will denote the singular k-FL pair of level n of Type 1 by
(a
(n)
k,1, b
(n)
k,1).
Similarly,
3 SINGULAR K-FL PAIRS OF VARIOUS TYPE 10
Definition 3.9. Let n ≥ 1 be an integer. For each k 6∈ Bn, we define the singular k-FL
pair of level n of Type 2 to be the unique pair (a, b) 6= (0, 0) of real numbers of the form
given as in Lemma 3.6. We will denote the singular k-FL pair of level n of Type 2 by
(a
(n)
k,2, b
(n)
k,2).
Finally,
Definition 3.10. Let n ≥ 1 be an integer. For each k 6∈ Cn, we define the singular k-FL
pair of level n of Type 3 to be the unique pair (a, b) 6= (0, 0) of real numbers of the form
given as in Lemma 3.7. We will denote the singular k-FL pair of level n of Type 3 by
(a
(n)
k,3, b
(n)
k,3).
Here comes an example of each kind:
Example 3.11 (Singular k-FL pair of level 2 of Type 1). Let n = 2. From Example 3.3,
we have F2(k) = k
2 − k + 1, G2(k) = k3 − k2 + 3k − 2 so that A2 = {1}. Now, for each
k ∈ R \ {1}, the singular k-FL pair of level 2 of Type 1 is given by (a(2)k,1, b(2)k,1) where
a
(2)
k,1 = −
27(k2 − k + 2)2
4(k3 − k2 + 4k − 4)2 and b
(2)
k,1 =
27(k2 − k + 2)3
4(k3 − k2 + 4k − 4)3 .
Similarly,
Example 3.12 (Singular k-FL pair of level 2 of Type 2). Let n = 2. From Example 3.3,
we have F2(k) = k
2 − k + 1, G2(k) = k3 − k2 + 3k − 2 so that B2 = {0, 1}. Now, for each
k ∈ R \ {0, 1}, the singular k-FL pair of level 2 of Type 2 is given by (a(2)k,2, b(2)k,2) where
a
(2)
k,2 = −
27(k − 1)2
4(k2 − k + 2)2 and b
(2)
k,2 =
27(k − 1)3
4(k2 − k + 2)3 .
Finally,
Example 3.13 (Singular k-FL pair of level 2 of Type 3). Let n = 2. From Example 3.3,
we have P2(k) = k
2+ k+1, Q2(k) = k
3+ k2+3k+2 so that C2 = {−1, 0}. Now, for each
k ∈ R \ {−1, 0}, the singular k-FL pair of level 2 of Type 3 is given by (a(2)k,3, b(2)k,3) where
a
(2)
k,3 = −
27(k + 1)2
4(k2 + k + 2)2
and b
(2)
k,3 =
27(k + 1)3
4(k2 + k + 2)3
.
Now, fix an integer n ≥ 1. For k 6∈ Bn, let (a, b) = (a(n)k,2, b(n)k,2) be a singular k-FL pair
of level n of Type 2. Associated to (a, b), we introduce a singular plane cubic curve as
follows: let E(a,b) be a curve defined by the equation y
2 = x3+ax+ b. Since (a, b) satisfies
the equation 4a3 + 27b2 = 0, E(a,b) is singular. Note that E(a,b) is not necessarily defined
over Q.
Motivated by the above observation, let
S
(n)
2 = {k ∈ R \Bn | E(a,b) is defined over Q}
for each integer n ≥ 1. Then since Q \Bn ⊆ S(n)2 , we can see that S(n)2 is infinite. On the
other hand, the set S
(n)
2 turns out to be not too big in the sense of Theorem 3.15 below.
Before stating the theorem, we need a lemma:
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Lemma 3.14. Let F,G ∈ Z[T ] be two polynomials. For any real number k with F (k)−1 6=
0 and G(k)− k + 2 6= 0, let
a(k) = − 27(F (k)− 1)
2
4(G(k)− k + 2)2 and b(k) =
27(F (k)− 1)3
4(G(k)− k + 2)3 .
Then the following are equivalent:
(i) a(k), b(k) ∈ Q;
(ii) (F (k)−1)
2
(G(k)−k+2)2 ,
(F (k)−1)3
(G(k)−k+2)3 ∈ Q;
(iii) F (k)−1
G(k)−k+2 ∈ Q.
Proof. (i)⇒ (ii) follows from the fact that 27
4
∈ Q.
(ii) ⇒ (iii) follows from the fact that F (k)−1
G(k)−k+2 =
(F (k)−1)3
(G(k)−k+2)3
(F (k)−1)2
(G(k)−k+2)2
if F (k)− 1 6= 0 and G(k) −
k + 2 6= 0.
(iii)⇒ (i) Trivial.
Now, we prove the following
Theorem 3.15. S
(n)
2 is countable for any integer n ≥ 1.
Proof. Fix an integer n ≥ 1. For each k 6∈ Bn, as in the proof of Lemma 3.6, we can write
a = a
(n)
k,2 = −
27(Fn(k)− 1)2
4(Gn(k)− k + 2)2 and b = b
(n)
k,2 =
27(Fn(k)− 1)3
4(Gn(k)− k + 2)3
for some Fn, Gn ∈ Z[T ]. Now, E(a,b) is defined over Q if and only if a, b ∈ Q. By Lemma
3.14, it suffices to find k ∈ R \ Bn such that Fn(k)−1Gn(k)−k+2 ∈ Q. Assume that
Fn(k)−1
Gn(k)−k+2 =
q
p
for some p, q ∈ Z with gcd(p, q) = 1. By equating, we have
qGn(k)− pFn(k)− qk + 2q + p = 0. (3.6)
By Lemma 3.2, for each (p, q) ∈ Z2 with gcd(p, q) = 1, there are at most n+ 1 real roots
of (3.6) in k, and there are only countably many such pairs (p, q) (since Z2 is countable).
Hence it follows that S
(n)
2 is countable.
We may have similar results for singular k-FL pairs of level n of Type 1 or Type 3,
too.
4 Applications
Our first application gives some information about the cardinality of the Zsigmondy set
of integer sequences in view of Introduction.
Application 1 Let A = {an}n∈Z≥0 be an integer sequence. A prime number p is
called a primitive prime divisor for an if p | an, but p ∤ am for all 0 ≤ m < n with am 6= 0
[7]. The Zsigmondy set of A is defined to be
Z(A) = {n ≥ 0 | an has no primitive prime divisors}.
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It seems to be an interesting question to ask whether the Zsigmondy set of a given
sequence A = {an}n∈Z≥0 is finite or not. In this direction, there are several results in the
literature, one of which, we introduce here for our later use.
Example 4.1 (Carmichael[2]). Let A = {Fn}n∈Z≥0 be the classical Fibonacci sequence.
Then Z(A) = {1, 2, 6, 12}. In particular, Z(A) is bounded.
Adopting one of the idea given in Introduction, we generalize this concept to a family
of integer sequences in the following sense: let F be a family of integer sequences. We let
NF = sup
A:={an}n∈Z≥0∈F
|Z(A)|
where |S| denotes the cardinality of a set S. We can ask whether NF is finite or not. A
classical result of Zsigmondy gives an example of NF being finite.
Example 4.2. (Zsigmondy[8]) Let F be a family of the integer sequences of the form
{un−vn}n∈Z≥0 where u > v > 0 are relatively prime integers. Then NF = 3. In particular,
NF is bounded.
Also, Example 4.1 can be restated as the following
Example 4.3. Let F be the family that consists of the classical Fibonacci sequence. In
other words, we let F = {{Fn}n∈Z≥0} where Fn denotes the n-th Fibonacci number. Then
NF = 4.
Before answering Question 1.1 of Introduction, we need to look at the following clas-
sical result of Carmichael in more detail: let P,Q be two nonzero integers, and put
Un(P,Q) :=
αn − βn
α− β , Vn(P,Q) := α
n + βn (n ≥ 0)
where α, β are the zeros of x2 − Px+Q. Then we have the following
Theorem 4.4 (Carmichael[2]). (a) If D > 0, then for all integers n ≥ 0 with n 6∈ {1, 2, 6},
Un has a primitive prime divisor, except for the case when n = 12, P = ±1, Q = −1.
(b) If D is a perfect square, then for all integers n ≥ 0, Un has a primitive prime divisor,
except for the case when n = 6, P = ±3, Q = 2. (This includes the Zsigmondy’s theorem.)
As an immediate consequence of Theorem 4.4, we get
Corollary 4.5. Let k ≥ 2 be an integer, and let A = {Fk,n}n∈Z≥0 be the k-Fibonacci
sequence. Then we have
{1, 2} ⊆ Z(A) ⊆ {1, 2, 6}.
Example 4.6. Let A = {Fk,n}n∈Z≥0 be the k-Fibonacci sequence. If k = 2, then Z(A) =
{1, 2}, and if k = 3, then Z(A) = {1, 2, 6}.
Finally, to give a positive answer for Question 1.1, we will consider a family of gener-
alized k-FL sequences. Namely, we have the following
Theorem 4.7. For any integers k,N ≥ 1, there exist a, b ∈ R with |Z({S(a,b)k,n }n∈Z≥0)| ≥
N.
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Proof. Recall that if n | m, then Fk,n | Fk,m by [1, Proposition 8]. We choose r ≥ 1 large
enough so that σ0(r) ≥ [N/2] + 1 (where σ0(r) denotes the number of the divisors of r),
and we solve the following equations
2b = (−1)r+1 · Fk,r, bk + a = (−1)r · Fk,r−1
to get
a = (−1)r ·
(
Fk,r−1 +
k · Fk,r
2
)
, b = (−1)r+1 · Fk,r
2
.
Using the values of a and b obtained above, we get a generalized k-FL sequence defined
by
S
(a,b)
k,n =
{
(−1)r+1−n · Fk,r−n if n ≤ r
Fk,n−r if n > r.
Then since {r−d | d ∈ P(r)}∪{r+ d | d ∈ P(r)} ⊂ Z({S(a,b)k,n }n∈Z≥0) where P(r) denotes
the set of positive divisors of r, we have
|Z({S(a,b)k,n }n∈Z≥0)| ≥ 2 · σ0(r) ≥ N
which completes the proof of the theorem.
As a consequence, we can answer Question 1.1.
Corollary 4.8. Let k ≥ 1 be an integer. Let F be a family of generalized k-FL sequences
of the form {S(a(N),b(N))k,n }n∈Z≥0 where N runs over all positive integers, and a(N), b(N) are
two real numbers that are obtained as in Theorem 4.7. Then NF is infinite, and for each
A ∈ F , Z(A) is finite.
Proof. The first statement follows from the theorem by letting N → ∞. The second
statement follows from Example 4.1 and Corollary 4.5.
As an application to algebraic geometry, we investigate the determinantal variety of
the skew circulant matrix and the circulant matrix associated to a generalized k-FL se-
quence.
Application 2 For real numbers k, a, and b, let {S(a,b)k,n }n∈Z≥0 be a generalized k-FL
sequence, and let E(a,b) be the curve defined by the equation y
2 = x3 + ax + b. We start
with the following motivating
Example 4.9. Assume that k 6= 0 and let
A
(k,a,b)
3 =

 S
(a,b)
k,1 S
(a,b)
k,2 S
(a,b)
k,3
−S(a,b)k,3 S(a,b)k,1 S(a,b)k,2
−S(a,b)k,2 −S(a,b)k,3 S(a,b)k,1


and
B
(k,a,b)
3 =

 S
(a,b)
k,1 S
(a,b)
k,2 S
(a,b)
k,3
S
(a,b)
k,3 S
(a,b)
k,1 S
(a,b)
k,2
S
(a,b)
k,2 S
(a,b)
k,3 S
(a,b)
k,1


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be two matrices associated to {S(a,b)k,n }Z≥0. For r = 1, 2, we define the following two sets
Sr3 ={(k, a, b) ∈ (R \ A3)× R× R | rank(A(k,a,b)3 ) ≤ r, E(a,b) is singular}
\ {(k, 0, 0) | k ∈ R}
and
T r3 ={(k, a, b) ∈ (R \ C3)× R× R | rank(B(k,a,b)3 ) ≤ r, E(a,b) is singular}
\ {(k, 0, 0) | k ∈ R}.
Then by Theorem 2.5-(a), we have
S23 = {(k, a(3)k,1, b(3)k,1) | k ∈ R \ A3}.
Similarly, by Theorem 2.7-(b), we have
T 23 = {(k, a(3)k,3, b(3)k,3) | k ∈ R \ C3}.
Since A3 and C3 are finite, we see that S
2
3 and T
2
3 are uncountable. What can we say
about S13 and T
1
3 ? The next result gives one possible answer:
Lemma 4.10. S13 and T
1
3 are finite.
Proof. Note that rank(A
(k,a,b)
3 ) ≤ 1 if and only if all the 2×2 minors of A(k,a,b)3 are 0. Also,
we have S13 ⊆ S23 . Thus, any element of S13 is of the form (k, a(3)k,1, b(3)k,1) for some k ∈ R \A3
where a
(3)
k,1 = − 27(F3(k)+1)
2
4(G3(k)+k−2)2 and b
(3)
k,1 =
27(F3(k)+1)3
4(G3(k)+k−2)3 for some F3, G3 ∈ Z[T ].
Let (k, a
(3)
k,1, b
(3)
k,1) ∈ S13 so that rank(A
(k,a
(3)
k,1,b
(3)
k,1)
3 ) ≤ 1. By the above observation, it follows
that we have the following system of equations(
S
(a
(3)
k,1,b
(3)
k,1)
k,1
)2
+ S
(a
(3)
k,1,b
(3)
k,1)
k,2 · S
(a
(3)
k,1,b
(3)
k,1)
k,3 = 0(
S
(a
(3)
k,1,b
(3)
k,1)
k,2
)2
− S(a
(3)
k,1,b
(3)
k,1)
k,3 · S
(a
(3)
k,1,b
(3)
k,1)
k,1 = 0,
and
(
S
(a
(3)
k,1,b
(3)
k,1)
k,3
)2
+ S
(a
(3)
k,1,b
(3)
k,1)
k,1 · S
(a
(3)
k,1,b
(3)
k,1)
k,2 = 0. (4.1)
Since S
(a
(3)
k,1,b
(3)
k,1)
k,1 = b
(3)
k,1k + a
(3)
k,1, S
(a
(3)
k,1,b
(3)
k,1)
k,2 = b
(3)
k,1k
2 + a
(3)
k,1k + 2b
(3)
k,1, and S
(a
(3)
k,1,b
(3)
k,1)
k,3 = b
(3)
k,1k
3 +
a
(3)
k,1k
2+3b
(3)
k,1k+a
(3)
k,1, and by using the fact that a
(3)
k,1 = − 27(F3(k)+1)
2
4(G3(k)+k−2)2 and b
(3)
k,1 =
27(F3(k)−1)3
4(G3(k)−k+2)3 ,
we can see that all the three equations of (4.1) have finitely many real solutions in k, and
this proves the fact that S13 is finite.
Similarly, note that rank(B
(k,a,b)
3 ) ≤ 1 if and only if all the 2 × 2 minors of B(k,a,b)3 are
0. Also, we have T 13 ⊆ T 23 . Thus, any element of T 13 is of the form (k, a(3)k,3, b(3)k,3) for some
k ∈ R \ C3 where a(3)k,3 = − 27(P3(k)−1)
2
4(Q3(k)−k−2)2 and b
(3)
k,3 =
27(P3(k)−1)3
4(Q3(k)−k−2)3 for some P3, Q3 ∈ Z[T ].
Let (k, a
(3)
k,3, b
(3)
k,3) ∈ T 13 so that rank(B
(k,a
(3)
k,3,b
(3)
k,3)
3 ) ≤ 1. By the above observation, it follows
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that we have the following system of equations(
S
(a
(3)
k,3,b
(3)
k,3)
k,1
)2
− S(a
(3)
k,3,b
(3)
k,3)
k,2 · S
(a
(3)
k,3,b
(3)
k,3)
k,3 = 0,(
S
(a
(3)
k,3,b
(3)
k,3)
k,2
)2
− S(a
(3)
k,3,b
(3)
k,3)
k,3 · S
(a
(3)
k,3,b
(3)
k,3)
k,1 = 0,
and
(
S
(a
(3)
k,3,b
(3)
k,3)
k,3
)2
− S(a
(3)
k,3,b
(3)
k,3)
k,1 · S
(a
(3)
k,3,b
(3)
k,3)
k,2 = 0. (4.2)
Since S
(a
(3)
k,3,b
(3)
k,3)
k,1 = b
(3)
k,3k + a
(3)
k,3, S
(a
(3)
k,3,b
(3)
k,3)
k,2 = b
(3)
k,3k
2 + a
(3)
k,3k + 2b
(3)
k,3, and S
(a
(3)
k,3,b
(3)
k,3)
k,3 = b
(3)
k,3k
3 +
a
(3)
k,3k
2+3b
(3)
k,3k+a
(3)
k,3, and by using the fact that a
(3)
k,3 = − 27(P3(k)−1)
2
4(Q3(k)−k−2)2 and b
(3)
k,3 =
27(P3(k)−1)3
4(Q3(k)−k−2)3 ,
we can see that all the three equations of (4.2) have finitely many real solutions in k. Con-
sequently, we can conclude that T 13 is also finite.
As an immediate consequence of the lemma, a matrix A
(k,a,b)
3 (resp. B
(k,a,b)
3 ) has rank
exactly 2 for all but finitely many triples (k, a, b) ∈ S23 (resp. (k, a, b) ∈ T 23 ).
Now, Example 4.9 leads us to the following
Theorem 4.11. For k 6= 0 and an odd integer n ≥ 3, consider the associated skew
circulant matrix
A(k,a,b)n :=


S
(a,b)
k,1 S
(a,b)
k,2 · · · S(a,b)k,n
−S(a,b)k,n S(a,b)k,1 · · · S(a,b)k,n−1
...
...
...
...
−S(a,b)k,2 −S(a,b)k,3 · · · S(a,b)k,1

 .
For 1 ≤ r ≤ n− 1, let Yr = {M ∈Mn×n(R) | rank(M) ≤ r} and let
Srn ={(k, a, b) ∈ (R \An)× R× R | A(k,a,b)n ∈ Yr, E(a,b) is singular}
\ {(k, 0, 0) | k ∈ R}.
Then we have:
(a) Sn−1n = {(k, a(n)k,1, b(n)k,1) | k ∈ R \ An}.
(b) A matrix A
(k,a,b)
n has rank exactly n − 1 for all but finitely many triples (k, a, b) ∈
Sn−1n .
(c) For each 1 ≤ r ≤ n − 2, a matrix A(k,a,b)n has rank r for only finitely many triples
(k, a, b) ∈ Sn−1n .
Proof. (a) Note that A
(k,a,b)
n ∈ Yn−1 if and only if A(k,a,b)n is not invertible. Hence the
result follows from Theorem 2.5-(a), and the definition of a
(n)
k,1 and b
(n)
k,1 .
(b) Note that A
(k,a,b)
n ∈ Yn−2 if and only if all the (n − 1) × (n − 1) minors of A(k,a,b)n
are 0. Also, we have Sn−2n ⊆ Sn−1n . Thus, any element of Sn−2n is of the form
(k, a
(n)
k,1, b
(n)
k,1) for some k ∈ R\An where a(n)k,1 = − 27(Fn(k)+1)
2
4(Gn(k)+k−2)2 and b
(n)
k,1 =
27(Fn(k)+1)3
4(Gn(k)+k−2)3
for some Fn, Gn ∈ Z[T ]. Let (k, a(n)k,1, b(n)k,1) ∈ Sn−2n so that A
(k,a
(n)
k,1 ,b
(n)
k,1)
n ∈ Yn−2. By
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the above observation, it follows that we have a system of finitely many equations
in S
(a
(n)
k,1 ,b
(n)
k,1)
k,1 , · · · , S
(a
(n)
k,1 ,b
(n)
k,1)
k,n . Now, rewrite them in terms of a
(n)
k,1, b
(n)
k,1 according to
definition, and by using the fact that a
(n)
k,1 = − 27(Fn(k)+1)
2
4(Gn(k)+k−2)2 and b
(n)
k,1 =
27(Fn(k)+1)3
4(Gn(k)+k−2)3 ,
we can see that there are only finitely many real solutions in k for the given system
of equations. Hence Sn−2n is finite and A
(k,a,b)
n has rank exactly n − 1 for all but
♯Sn−2n -many triples (k, a, b) ∈ Sn−1n .
(c) In the proof of (b), we have seen that Sn−2n is finite. For each 1 ≤ r ≤ n−2, we have
Srn ⊆ Sn−2n so that Srn is finite, and hence A(k,a,b)n has rank r for only (♯Srn − ♯Sr−1n )-
many triples (k, a, b) ∈ Sn−1n .
This completes the proof.
Remark 4.12. For k 6= 0 and an even integer n ≥ 2, we have slightly weaker version of
Theorem 4.11-(a), namely, it follows from Theorem 2.7-(a) that
Sn−1n ⊆ {(k, a(n)k,1, b(n)k,1) | k ∈ R \ An}.
Analogously, we also have
Theorem 4.13. For k 6= 0 and an odd integer n ≥ 3, consider the associated circulant
matrix
B(k,a,b)n :=


S
(a,b)
k,1 S
(a,b)
k,2 · · · S(a,b)k,n
S
(a,b)
k,n S
(a,b)
k,1 · · · S(a,b)k,n−1
...
...
...
...
S
(a,b)
k,2 S
(a,b)
k,3 · · · S(a,b)k,1

 .
For 1 ≤ r ≤ n− 1, let Yr = {M ∈Mn×n(R) | rank(M) ≤ r} and let
T rn ={(k, a, b) ∈ (R \ Cn)× R× R | B(k,a,b)n ∈ Yr, E(a,b) is singular}
\ {(k, 0, 0) | k ∈ R}.
Then we have:
(a) T n−1n = {(k, a(n)k,3, b(n)k,3)| k ∈ R \ Cn}.
(b) A matrix B
(k,a,b)
n has rank exactly n − 1 for all but finitely many triples (k, a, b) ∈
T n−1n .
(c) For each 1 ≤ r ≤ n − 2, a matrix B(k,a,b)n has rank r for only finitely many triples
(k, a, b) ∈ T n−1n .
Proof. Imitate the proof of Theorem 4.11, using Theorem 2.7-(b).
Finally, if n ≥ 4 is even, then we have the following
Theorem 4.14. For k 6= 0 and an even integer n ≥ 4, let B(k,a,b)n and Yr (r = 1, 2, · · · , n−
1) be as in Theorem 4.13. For 1 ≤ r ≤ n− 1, let
U rn = {(k, a, b) ∈ (R \ (Bn ∪ Cn))× R× R | B(k,a,b)n ∈ Yr, E(a,b) is singular}
\ {(k, 0, 0) | k ∈ R}.
Then we have:
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(a) Un−1n = {(k, a(n)k,2, b(n)k,2)| k ∈ R \ (Bn ∪ Cn)} ∪ {(k, a(n)k,3, b(n)k,3)| k ∈ R \ (Bn ∪ Cn)}.
(b) A matrix B
(k,a,b)
n has rank exactly n − 1 for all but finitely many triples (k, a, b) ∈
Un−1n .
(c) For each 1 ≤ r ≤ n − 2, a matrix B(k,a,b)n has rank r for only finitely many triples
(k, a, b) ∈ Un−1n .
Proof. (a) Note that B
(k,a,b)
n ∈ Yn−1 if and only if B(k,a,b)n is not invertible. Hence the
result follows from Theorem 2.5-(b), and the definition of a
(n)
k,2, a
(n)
k,3, b
(n)
k,2, and b
(n)
k,3.
(b) Note that B
(k,a,b)
n ∈ Yn−2 if and only if all the (n − 1) × (n − 1) minors of B(k,a,b)n
are 0. Also, we have Un−2n ⊆ Un−1n . Thus, any element of Un−2n is either of the form
(k, a
(n)
k,2, b
(n)
k,2) for some k ∈ R \ (Bn ∪ Cn) where a(n)k,2 = − 27(Fn(k)−1)
2
4(Gn(k)−k+2)2 and b
(n)
k,2 =
27(Fn(k)−1)3
4(Gn(k)−k+2)3 for some Fn, Gn ∈ Z[T ] or (k, a
(n)
k,3, b
(n)
k,3) for some k ∈ R \ (Bn ∪ Cn)
where a
(n)
k,3 = − 27(Pn(k)−1)
2
4(Qn(k)−k−2)2 and b
(n)
k,3 =
27(Pn(k)−1)3
4(Qn(k)−k−2)3 for some Pn, Qn ∈ Z[T ].
Let (k, a
(n)
k,2, b
(n)
k,2) ∈ Un−2n so that B
(k,a
(n)
k,2 ,b
(n)
k,2)
n ∈ Yn−2. By the above observation, it
follows that we have a system of finitely many equations in S
(a
(n)
k,2 ,b
(n)
k,2)
k,1 , · · · , S
(a
(n)
k,2 ,b
(n)
k,2)
k,n .
Now, rewrite them in terms of a
(n)
k,2, b
(n)
k,2 according to definition, and by using the
fact that a
(n)
k,2 = − 27(Fn(k)−1)
2
4(Gn(k)−k+2)2 and b
(n)
k,2 =
27(Fn(k)−1)3
4(Gn(k)−k+2)3 , we can see that there are
only finitely many real solutions in k for the given system of equations.
Similarly, let (k, a
(n)
k,3, b
(n)
k,3) ∈ Un−2n so that B
(k,a
(n)
k,3 ,b
(n)
k,3)
n ∈ Yn−2. By the above observa-
tion, it follows that we have a system of finitely many equations in S
(a
(n)
k,3 ,b
(n)
k,3)
k,1 , · · · , S
(a
(n)
k,3 ,b
(n)
k,3)
k,n .
Now, rewrite them in terms of a
(n)
k,3, b
(n)
k,3 according to definition, and by using the
fact that a
(n)
k,3 = − 27(Pn(k)−1)
2
4(Qn(k)−k−2)2 and b
(n)
k,3 =
27(Pn(k)−1)3
4(Qn(k)−k−2)3 , we can see that there are
only finitely many real solutions in k for the given system of equations.
Consequently, Un−2n is finite and B
(k,a,b)
n has rank exactly n−1 for all but ♯Un−2n -many
triples (k, a, b) ∈ Un−1n .
(c) In the proof of (b), we have seen that Un−2n is finite. For each 1 ≤ r ≤ n − 2,
we have U rn ⊆ Un−2n so that U rn is finite, and hence B(k,a,b)n has rank r for only
(♯U rn − ♯U r−1n )-many triples (k, a, b) ∈ Un−1n .
This completes the proof.
Remark 4.15. In the case of n = 2, parts (a) and (b) of Theorem 4.14 still hold.
Appendix
In this section, we introduce various formulas that are related to a given k-FL sequence.
Before giving those formulas, we start with the following
Remark 1. It is well-known that the Binet’s formulas for {Fk,n}n∈Z≥0 and {Lk,n}n∈Z≥0
are given by
Fk,n =
αn − βn
α− β and Lk,n = α
n + βn for each n ≥ 0
where α > β are the roots of the quadratic equation x2 − kx− 1 = 0.
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The Binet’s formula for a k-FL sequence {S(a,b)k,n }n∈Z≥0 is given by
Lemma 2 (Binet’s Formula). For each integer n ≥ 0, we have
S
(a,b)
k,n =
(a+
√
k2 + 4b)αn − (a−√k2 + 4b)βn
α− β
where α > β are the zeros of the polynomial x2 − kx− 1.
Proof. Note first that we have
S
(a,b)
k,n = a · Fk,n + b · Lk,n = a ·
αn − βn
α− β + b · (α
n + βn)
=
(
a
α− β + b
)
αn −
(
a
α− β − b
)
βn
for each n ≥ 0, where α > β are the zeros of the polynomial x2 − kx − 1 according to
Remark 1. Since we have
(α− β)2 = (α + β)2 − 4αβ = k2 + 4
so that
α− β =
√
k2 + 4,
the result follows.
Using Binet’s formula, we may introduce some identities that relate a k-FL sequence
and a k-Fibonacci sequence.
Theorem 3 (Catalan’s Identity). Let {S(a,b)k,n }n∈Z≥0 be a k-FL sequence. For any two
integers n ≥ r ≥ 0, we have
S
(a,b)
k,n−rS
(a,b)
k,n+r − (S(a,b)k,n )2 = (−1)n−r+1{a2 − (k2 + 4)b2}F 2k,r.
Proof. By Lemma 2, we can write
S
(a,b)
k,n =
Xαn − Y βn
α− β
where X = a+
√
k2 + 4b and Y = a−√k2 + 4b. Then we have
S
(a,b)
k,n−rS
(a,b)
k,n+r − (S(a,b)k,n )2
=
1
(α− β)2{(Xα
n−r − Y βn−r)(Xαn+r − Y βn+r)− (Xαn − Y βn)2}
=
1
(α− β)2 (−XY α
n−rβn+r −XY αn+rβn−r + 2XY αnβn)
=
−XY (αβ)n−r
(α− β)2 (α
2r − 2αrβr + β2r)
=(−1)n−r+1XY
(
αr − βr
α− β
)2
.
Now, since we have XY = a2 − (k2 + 4)b2 and Fk,r = αr−βrα−β , the result follows.
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In the sequel, we let X = a +
√
k2 + 4b and Y = a − √k2 + 4b, as in the proof of
Theorem 3. The Cassini’s identity is a special case of the Catalan’s identity with r = 1.
Corollary 4 (Cassini’s Identity). For any integer n ≥ 1, we have
S
(a,b)
k,n−1S
(a,b)
k,n+1 − (S(a,b)k,n )2 = (−1)n{a2 − (k2 + 4)b2}.
Proof. Recall that Fk,1 = 1.
Corollary 4 has the following consequence:
Corollary 5. A k-FL sequence {S(a,b)k,n }n∈Z≥0 is a geometric sequence if and only if a2 =
(k2 + 4)b2. In particular, given a positive real number k, there are infinitely many pairs
(a, b) ∈ R2 such that {S(a,b)k,n }n∈Z≥0 is a geometric sequence.
Now, we are ready to move to
Theorem 6 (d′Ocagne’s Identity). Let {S(a,b)k,n }n∈Z≥0 be a k-FL sequence. For any two
integers m ≥ n ≥ 0, we have
S
(a,b)
k,m S
(a,b)
k,n+1 − S(a,b)k,m+1S(a,b)k,n = (−1)n{a2 − (k2 + 4)b2}Fk,m−n.
Proof. By Lemma 2, we have
S
(a,b)
k,m S
(a,b)
k,n+1 − S(a,b)k,m+1S(a,b)k,n
=
1
(α− β)2{(Xα
m − Y βm)(Xαn+1 − Y βn+1)
− (Xαm+1 − Y βm+1)(Xαn − Y βn)}
=
−XY
(α− β)2 (α
mβn+1 + αn+1βm − αm+1βn − αnβm+1)
=
−XY
(α− β)2{(αβ)
nβm−n(α− β)− (αβ)nαm−n(α− β)}
=
−(αβ)nXY (α− β)
(α− β)2 (β
m−n − αm−n)
=(−1)nXY α
m−n − βm−n
α− β
=(−1)n{a2 − (k2 + 4)b2}Fk,m−n.
This completes the proof.
Next, we are interested in finding various types of sums of terms of a k-FL sequence.
Again, let {S(a,b)k,n }n∈Z≥0 be a k-FL sequence.
Theorem 7. For any integer n ≥ 1, we have
n∑
i=1
S
(a,b)
k,i =
1
k
(
S
(a,b)
k,n+1 + S
(a,b)
k,n
)
− b− a+ 2b
k
.
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Proof. By Lemma 2, we have
n∑
i=1
S
(a,b)
k,i
=
1
α− β
n∑
i=1
(Xαi − Y βi) = 1
α− β
(
Xα(αn − 1)
α− 1 −
Y β(βn − 1)
β − 1
)
=
1
(α− β)(α− 1)(β − 1) (Xα(α
n − 1)(β − 1)− Y β(βn − 1)(α− 1))
=
−1
(α− β)(α+ β) (−X(α
n − 1)(α + 1) + Y (βn − 1)(β + 1))
=
1
k
(
Xαn+1 − Y βn+1
α− β +
Xαn − Y βn
α− β −
Xα− Y β
α− β −
X − Y
α− β
)
=
1
k
(
S
(a,b)
k,n+1 + S
(a,b)
k,n − S(a,b)k,1 − S(a,b)k,0
)
=
1
k
(
S
(a,b)
k,n+1 + S
(a,b)
k,n
)
− b− a+ 2b
k
.
This completes the proof.
Another possible result is the following
Theorem 8. For any integer n ≥ 1, we have
n∑
i=1
S
(a,b)
k,2i =
1
k
· S(a,b)k,2n+1 − b−
a
k
.
Proof. By Lemma 2, we have
n∑
i=1
S
(a,b)
k,2i
=
1
α− β
n∑
i=1
(Xα2i − Y β2i) = 1
α− β
(
Xα2(α2n − 1)
α2 − 1 −
Y β2(β2n − 1)
β2 − 1
)
=
1
(α− β)(α2 − 1)(β2 − 1)
(
Xα2(α2n − 1)(β2 − 1)− Y β2(β2n − 1)(α2 − 1))
=
−1
(α− β)k2
(
X(α2n − 1)(1− α2)− Y (β2n − 1)(1− β2))
=
1
(α− β)k
(
X(α2n+1 − α)− Y (β2n+1 − β))
=
1
k
(
Xα2n+1 − Y β2n+1
α− β −
Xα− Y β
α− β
)
=
1
k
(
S
(a,b)
k,2n+1 − S(a,b)k,1
)
=
1
k
· S(a,b)k,2n+1 − b−
a
k
.
This completes the proof.
Two immediate consequences of Theorem 7 and Theorem 8 are the following corollar-
ies:
Corollary 9. For any integer n ≥ 1, we have
n∑
i=1
S
(a,b)
k,2i−1 =
1
k
· S(a,b)k,2n −
2b
k
.
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Proof. By Theorem 7 and Theorem 8, we have
n∑
i=1
S
(a,b)
k,2i−1 =
2n∑
i=1
S
(a,b)
k,i −
n∑
i=1
S
(a,b)
k,2i
=
1
k
(S
(a,b)
k,2n+1 + S
(a,b)
k,2n )− b−
a+ 2b
k
− 1
k
· S(a,b)k,2n+1 + b+
a
k
=
1
k
· S(a,b)k,2n −
2b
k
.
This completes the proof.
Corollary 10. For any integer n ≥ 1, let r = [n
2
]
. Then we have
n∑
i=1
(−1)i · S(a,b)k,i =
1
k
(
2S
(a,b)
k,2r+1 − S(a,b)k,n+1 − S(a,b)k,n
)
− b− a− 2b
k
.
Proof. Note that we have
n∑
i=1
(−1)i · S(a,b)k,i = 2
r∑
i=1
S
(a,b)
k,2i −
n∑
i=1
S
(a,b)
k,i .
Now, by using Theorem 7 and Theorem 8, the result follows.
There are also some results about the sums involving binomial coefficients in the
literature. Regarding this kind of sums, we have the following
Theorem 11. For any integer n ≥ 0, we have
n∑
i=0
(
n
i
)
ki · S(a,b)k,i = S(a,b)k,2n .
Proof. By Lemma 2, we have
n∑
i=0
(
n
i
)
ki · S(a,b)k,i =
1
α− β
n∑
i=0
(
n
i
)
ki(Xαi − Y βi)
=
1
α− β
(
X
n∑
i=0
(
n
i
)
(kα)i − Y
n∑
i=0
(
n
i
)
(kβ)i
)
=
1
α− β {X(kα+ 1)
n − Y (kβ + 1)n}
=
1
α− β (Xα
2n − Y β2n) (since kα + 1 = α2, kβ + 1 = β2)
= S
(a,b)
k,2n .
This completes the proof.
Finally, we examine another interesting identity:
Theorem 12 (Livio’s Formula). For any real number p with p 6= 0, α, β, and for any
integer n ≥ 1, we have
n∑
i=1
S
(a,b)
k,i
pi
=
1
(p2 − pk − 1)pn
(
−S(a,b)k,n − pS(a,b)k,n+1 + pn+1(a+ bk) + 2bpn
)
.
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Proof. By Lemma 2, we have
n∑
i=1
S
(a,b)
k,i
pi
=
1
α− β
(
X ·
n∑
i=1
(
α
p
)i
− Y ·
n∑
i=1
(
β
p
)i)
=
1
α− β

X · α
(
α
p
)n
− α
α− p − Y ·
β
(
β
p
)n
− β
β − p


=
1
(α− β)(α− p)(β − p)
{
X
(
α
(
α
p
)n
− α
)
(β − p)
−Y
(
β
(
β
p
)n
− β
)
(α− p)
}
=
1
(α− β)(p2 − pk − 1)pn {X(α
n − pn)(−1− pα)− Y (βn − pn)(−1 − pβ)}
=
1
(p2 − pk − 1)pn
(
−Xα
n − Y βn
α− β − p ·
Xαn+1 − Y βn+1
α− β
+pn+1 · Xα− Y β
α− β + p
n · X − Y
α− β
)
=
1
(p2 − pk − 1)pn
(
−S(a,b)k,n − pS(a,b)k,n+1 + pn+1S(a,b)k,1 + pnS(a,b)k,0
)
=
1
(p2 − pk − 1)pn
(
−S(a,b)k,n − pS(a,b)k,n+1 + pn+1(a + bk) + 2bpn
)
.
This completes the proof.
Remark 13. Theorem 12 gives another proof of Corollary 10 by taking p = −1.
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